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Abstract 

We propose a method to determine the solvabihty of the diophantine equation 
x"^ — Dy"^ = n for the following two cases: 

(1) D = pq, where p,q = 1 mod 4 are distinct primes with j = 1 and 
2^ fl\ ^ _i 



4 ^"7 4 

(2) D = 2pip2 ■ ■ -Pm, where Pi = 1 mod 8, 1 < i < m are distinct primes 
and D = + with r,s = ±3 mod 8. 

MSC classification : 11D09; 11E12 
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Introduction 

Let D he a. non-square integer. The question of whether the equation 

- Dy^ = n,n eZ (1) 
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has an integral solution is a very old one (see [3]). We may recast the question 
in the language of algebraic geometry and ask whether the affine scheme over 
Z defined by has an integral point. It's well-known that the generic fiber 
of this affine scheme is a principal homogenous space of tori when n 7^ 0. 
Recently, Harari [6] showed that the Brauer-Manin obstruction is the only 
obstruction for existence of the integral points of such scheme. Fei Xu and 
the author gave another proof of the result in [TS] and [T2j. In this paper we 
consider the solvability of ([1]) by using the method in [T8] . 

It should be pointed out that the method in [18] only produces the idelic 
class groups of Q(a/D) and these idelic class groups are not unique. In order 
to get the explicit conditions for the solvability, one needs further to construct 
the explicit abelian extensions of Q(a/D) corresponding to the idelic class 
groups. Such explicit construction is a wide open problem in general. 

Notation and terminology are standard if not explained. Let E = Q{\/D) 
and 0^; be the ring of integers of E, Qe the set of places of E and 00 the 
set of infinite places of E. Let Ep be the completion of at p and o^;^ the 
local completion of o^; at p for each p G Qe- Write o^;^ = -Ep for p G 00 and 
denote the adele ring (resp. the idele group) of -E by A^; (resp. I^;). 

Let X(„) denote the affine scheme over Op defined by — Dy^ = n for 
a non-zero integer n. Let X(„) = X(„) Q. Obviously f = x + yy/D is an 
invertible function on ®q E. And / induces a natural map 

Ie '■ X{n){^Q) — ^ Is- 
The restriction to X(„)(Qp) of J'e can be written by 

{xp + VpVD, Xp - ypVO) if p splits in E/ Q, 
Xp + ypy/D otherwise. 

Definition. Let Ki, - ■ ■ , Km be finite abelian extensions over E. Let 

i^K^/E : Is ^ Ga\{Ki/E) forl<i<m 

be the Artin map. We say that n satisfies the Artin condition of Ki, ■ ■ ■ , Km 
if there is 

Yl{xp,yp) e Y[ X(„)(Zp) 

P<CX3 p<00 

such that 

i^Ki/E{fE[Y[{xp,yp)]) = U for i = 1, 

p<oo 



fE[{xp,yp)] 
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where Ij is the identity element of Gal{Ki/ E) . 

By the class field theory, it is a necessary condition for X(„)(Z) ^ that 
n satisfies the Artin condition of i^i, ■ ■ ■ , Km- And there is a finite abelian 
extension K/E that is independent on n, such that the Artin condition of 
K is also sufficient for X(„)(Z) 7^ (Corollary 2.8 in [H]). For example, let 
L = Z + Za/D and be the ring class field corresponding to the order 
L, then the Artin condition of is sufficient for X(„)(Z) 7^ if D < 
(Proposition 3.1 in [H]). However, the Artin condition of Hi is not always 
sufficient for general D. 

Let E = Q(a/D) and let T be the torus 

RE/pi'Grm) = Ker[_R£;/i;'(Gm,£;) " ^ G^.q] , 

here Re/f denotes the Weil's restriction (see |9], p. 225). Denote A to be 
the embedding from T to RE/ri'^m^E)- Obviously A induces a natural group 
homomorphism A^; : T{Af) — I^;. Let T be the group scheme over Z defined 
by — Dy^ = 1 and T = T Q. The generic fiber of X(„) is a principal 
homogenous space of the torus T. Since T is separated over Z, we can view 
T(Zp) as a subgroup of T(Qp). The following result can be founded in [18] 
(Corollary 2.20). 

Proposition 0.1. Let Ki/E and K2/E be finite abelian extensions such that 
the group homomorphism induced by Xe (we also denote it by Xe) 

Xe : ^(*oyT{(Q)np<^T(Zp) y V^*7VKi/£(nKi) X iB/^-iYKa/sfea) 

is well-defined and injective, where well-defined means 

n C {E*Nk^/e(JkJ) n {E*NK,/Ei^K,)). 

p<oo 

Then X(„) (Z) ^ if and only if n satisfies the Artin condition of Ki and 

Let p and q are distinct primes. The following facts are well-know: 

(1) If p = 3 mod 4 or g = 3 mod 4, then — pqy"^ = —1 is not solvable 
over Z2. 

(2) If p and q are of the form 4/c + 1 and ^| j = —1, then — pqy^ = —1 
is solvable over Z ([1], p. 228). 
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(3) If p and q are of the form 4/c + l with = 1 and = = — 1, 

then — pqy^ = — 1 is also solvable over Z p. 228). 
For the above three cases, the equation 

— pqy^ = n (2) 

is solvable over Z if and only if n satisfies the Artin condition of by 
Proposition 4.1 of jlH]. Therefore we only need to consider the solvability 
of ([2D when p,q = 1 mod 4, (^2^ = 1 and (^s) = 1 or (^jj = i. in 
§1, Theorem 11.51 we consider the solvability of ([2]) when p,q = 1 mod 4, 
= 1 and = — 1. As an application, we reprove Scholz and 

Brown's result ([H], [I]) about solvability of the equations x^—pqy"^ = —l,p, q 
(see Corollary II. 4p . 

Let d = P1P2 ■ ■ -Pm where pi = 1 mod 8, 1 < z < m are distinct primes. 
In §2, Theorem 12. 3 [ we consider the solvability of — 2dy'^ = n. As appli- 
cation of Theorem 12. 3[ the solvability of the equations — 2dy'^ = —1, ±2 
are considered in §3. In particular, we recover the main result of Pall in [11] 
(see the remarks following Proposition 13.21 and Corollary 13.51 below). 



1 The solvability of x"^ — pqy^ = n 

Let p and q be distinct primes of the form Ak + I with = 1. Then the 

equation x^ — pqy"^ = pz^ is solvable over Z by the Hasse principle. Fix an 
integral solution (xq, yo, ^0) of the equation such that xq > and (xq, yo) = 1. 
Let E = Q{y/pq) and = E{^yxQ — yoy/pq)- Then 6 is totally real and Q/E 
is unramified over all primes except the primes over 2p. 

Lemma 1.1. Let p and q be distinct primes of the form + 1 with = 1. 

Let I = 2 or p. If xi and yi in Z; satisfy xf — pqyf = 1, then the quadratic 
Hilhert symbol 




where v ^VLe- 
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Proof. (1) Assume / is split in E/Q. Then I = 2 since E/Q is ramified at p. 
Then we have 

-|--|- / X2-y2y/pq, xp-yo^ 

v\2 ^ 

X2 - y2y/pq, xq - yoy/pq\ f X2 + y2y/pq,xo + yoy/PQ 



2 J \ 2 

X2 - y2y/pq, Xq - yoy/pq\ f (X2 - 1/2 ^^O + I/Oa/M 



2 J \ 2 

X2 - y2^/m^ x q - yoy/pq\ f X2- y2y/pq, Xo + Voy/pq 
2 

X2 - y2^ypq,p 



the last equation holds since xi — yl^/pq is a unit in Z2 and p = 1 mod 4. 

(2) Assume I is not split in E/Q. Let = x; + yis/pq. Let f be the 
unique place of E over 1. Since -/Ve^/qXO = 1' there exists a E E* such that 
= (T(a)a~^ by Hilbert's theorem 90, where a is the non-trivial element in 
Gal{E^/Qi). Then 

^,Xo-yoJpq\ f a{a)a-^,Xo - yoJpq 



V 

NE,/Qi{^),Xo-yo,/pq\ fNEjQt{a),p 



V J \ I 

Suppose / = 2. Since Ey /Q2 is unramified and p = 1 mod 4, one has 
'^ ,xo-yo^ \ ^ / NE,/Q^{a),p \ ^ 

; V 2 - • 

Suppose / = p. Since j = 1 and -Et, = Qp{y/pq), one has 

'^,a;o - 2/oVM\ _ f NE,/Qp{a),p\ _ ( NE,/Q^{a),pq 



p J \ p 



□ 



We make use of the following interesting result, due to K. Burde (see [2], 
p. 183): 
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Lemma 1.2. Ifp = a?+lP', q = c^+(P, a = c = l,b = d = 0{mod 2), a, b,c,d> 
0, p and q are distinct primes, and = 1, then 

Lemma 1.3. Let p and q be distinct primes of the form Ak + 1. Suppose 
= 1 and = —1. Let 1 = 2 or p and let Xi and yi in %i satisfy 

xf — pqyf = —1. Then the quadratic Hilbert symbol 



nn 

l\2p v\l 

where v G Qe- 

Proof. Let p = a'^ + b'^, q = c^ + d^, a = a = l,b = d = (mod 2), a, b,c,d> 0. 
And let r = ad — be, s = ac + bd. Then + = pq and s is odd. Obviously 
(r/s)^ = — 1 mod p. So 



p) (p) ^ p^^ (p) (p 



■l)/4 



?/4 VP 

by Lemma [1.21 

By Lemma [l-H we have 

j-j- j-j- / xi + yi^, Xo-yo^ \ = JJ ~ Xq - yoy/pq^ 



V / ^ ^ \ f 

^ j-j- / r - xq - yov/pg \ _ j-j- f s,xo-yo^ 

v\2p 



r - xq - yoy/pq \ f s,pz^ \ f s,pz^ 
V '[ 2 '[ p 



n 

v\2p 



r - y/pq,Xo - yoy/pg 

V 
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By the Hilbert reciprocity law, one has 



v\2p V / p|2p 

Since 

{r - y/pq){r + y/pq) = -s"^ and {xq - yQy/pq){xQ + yoy/pq) = P^l 
with (r, s) = 1 and (xo,?/o) = 1 respectively, one has 

ordpir — ^/pq) = ordp{xo — yo^/vot) = mod 2 
for p f 2p and p < oo^;. Since Xq — yoy/PQ > over p G oo^;, one obtains that 

r - ^,Xo-yoy/pq\ ^ 



P 

for all p f 2p. One concludes that 

'xi + yiJpq, xo - yoJpq 



l\2p v\l 



□ 



The following result was first proved by Scholz (see [H]) and was reproved 
by Brown (see [1]). Use our method, now we can give a new proof. 

Corollary 1.4. Let p and q be distinct primes of the form 4k + 1. Suppose 
= 1 and = —1. Then the equation x"^ — pqy^ = —1 is not 

solvable over Z; the equation x^ — pqy^ = p is solvable over Z if and only if 
=1. 

p 



Proof. By Lemma [1.31 one has 

j-j- j-j- / xi + yiy^,Xo-yo^ 

l\2p v\l ^ ^ 

for {xi,yi) G Z; X with xf — pqyf = —1. This implies that 

i^e/E{fE[Y[{xp,yp)]) = -1 

p<oo 



for any YlKooi^i^yi) ^ Y[i<oo-^{~^)i'^i)^ since Q/E is unramified over each 
prime v except v \ 2p. Then — pqy^ = — 1 is not solvable over Z by the 
class field theory. 

One and only one of the three equations 



X — pqy = —l,x — pqy =p,x — pqy =q 

is solvable over Z ([1], p. 228). If — pqy^ = p is solvable over Z, we know 

(f)^ = 1 (S, p. 230). If (j)^ = 1, then (f)^ = -1. So x' - pqy^ = q is 

not solvable over Z. We already know —pqy"^ = — 1 is not solvable over Z. 
Therefore x"^ — pqy"^ = p is solvable over Z. □ 

By Lemma 11.11 and II. 3[ now we can give the main result of this section. 

Theorem 1.5. Let p and q he distinct primes of the form 4/c + 1. Suppose 

= 1 and = —1. Then the diophantine equation x^ — pqy"^ = n 

is solvable over Z if and only if n satisfies the Artin condition of Hi and Q, 
where Hl is the ring class field corresponding to L = Z[^/pg] and Q/E is a 
quadratic extension defined as above. 



Proof. Let L = Z + Ij^fpq. For any prime I, Ei = E Qi and Li is the 
/-adic completion of L inside Ei. Recall T = R\;/p{Gm,E) and T is the group 
scheme over Z defined by x'^ — pqy'^ = 1, we have 



= {^eE*: Ne/q{0 = 1} 
and 

And L^ = E*^ = R* X R*. 



Let / = 2 or p. By Lemma 11.11 one has 

j-j- / ^,Xo - yoy/pq 

v\l ^ ^ 

for {xi, yi) E Zi X Zi with xf — pqyf = 1, where v E Qe- This implies that 

Xe{T{Zi)) C E*Ne/Eile). 
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Since Q/E is unramified over each prime v except v \ 2p, the natural group 
homomorphism 

Xe : ^(*Q)/T(Q)n,<^T(ZO > [^E/E*Ne/Eile)] X ME'Ui<^Lf] 

is well-defined. By Proposition 10.11 we only need to show A^; is injective. 

Let u G ker A^;. Then there are a & E* and i G Hkoo with Xe{u) = ai. 
We have 

NE/Q{a) = NE/Qit)^' G Q* n (H K) = {±1}- 

l<oo 

If NE/Q{a) 7^ 1, one obtains NE/Q{a) = NE/Q{i) = —1. Write i = {iy)y G Ie- 
Since 0/£^ is unramified over each prime v except v \ 2p, one concludes that 
ipe/Eiiv) is trivial for all primes v \ 2p, where is regarded as an idele whose 
f-component is and 1 otherwise. One gets 

ipe/Eiai) = ipe/Eii) = Yl^e/EM = -1 

v\2p 

by Lemma [1.3[ where ipe/E '■ — > Gal{Q/E) is the Artin map. This con- 
tradicts to n G ker A^;. 

Therefore NE/qia) = 1, one concludes that 

NE/Q{a) = NE/Q{i) = 1 ae T(Q) and ie\[ T(Z,). 

(<oo 

SomGr(Q)nKooT(ZO. □ 

Finally we will use Theorem II. 51 to give an explicit example. For any inte- 
ger n, one can write n = (— l)*"2*U3'^^17''^pi^^ ■ ■ -Pg^^ and P{n) = {pi, ■ ■ ■ ,Pg}. 
Denote 



Let 





















ni -- 



221 \ 
P ) 



-1} 



n 

Pi&D{n)\D2 
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Example 1.6. Letn be an integer with the above notation. Then the equation 

- 221?/2 = n 

is solvable over Z if and only if 

(1) Si is even, (j^) = 1 and (— ) = 1 for odd e,. 

(2) Pi ^ 0; or 

P.ePs p,eP(n)\P2 

for Pi = 0. 

Proof. Since {^)^ = —1 and {^)^ = 1, Theorem 11.51 can be applied. The 
ring class field Hi associated to the subring Z[\/221] is Q(vT3, y/vf). Since 
the equation — 221?/^ = 17 has an integral solution for x = 119 and y = 8, 
one can choose e = E(\/ll9 - 8v/22T). We can get this result by some 
computations. 

□ 

2 The solvability of — 2dy'^ = n 

Let d = pi- ■ -pm where pi = 1 mod 8, 1 < z < m are distinct primes. The 
equation — 2dy'^ = Iz^ is solvable over Z by the Hasse principle. Fix an 
integral solution (xq, yo? ^o) of the equation such that xq > and (xq, z/o) = 1- 

Let 6 = E[\J Xq — yoV2d). Then G is totally real and is unramified 
over all primes except the prime above 2 and 2 is totally ramified in 0/Q. 
First the following lemmas will be proved. 

Lemma 2.1. Let d = piP2 ■ ■ - Pm where Pi = 1 mod 8, 1 < i < m are distinct 
primes. Then the quadratic Hilbert symbol 

^,Xo - yoV2d 



for any ^ E E* with Ne^/q2{0 = 1? where v is the unique place of E over 2 
and (xo,|/o) is given as above. 
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Proof. Since Ne^/q2{0 = there exists a ^ E* such that ^ = a{a)a~^ 
by Hilbert's theorem 90, where a is the non-trivial element in GaA{Ey/Q2)- 
Then 

V 



V 1 \ 2 

Since d = 1 mod 8 and = Q2{V2d), one has 

^,xo-yoV2d\ fNEjQ2{a),2\ f NEjQ2{a),2d 



□ 

Lemma 2.2. Suppose that pi = 1 mod 8, 1 < i < m are distinct primes. 
Let d = P1P2 ■ ■ - Pm such that 2d = r"^ + with r, s = ±3 mod 8. If X2 and 
y2 in Q2 satisfy x\ — 2(i?/| = —1, then the quadratic Hilbert symbol 



-1 



X2 + y2v2d, xq - yoV2d 



where v is the unique place of E above 2 and {xo,yo) is given as above. 



Proof. By Lemma [2. ![ we have 

X 2 + 1/2 V2d, Xq - yoV2d \ _ I {r-W2d}s^Xo - yoV2d' 
V I \ V 

r - V2d,xo - yoV2d\ (s,Xo-yoV2d 




r — \'2d,xo — yo V 2d 



2 

By the Hilbert reciprocity law, one has 



r - a/M, xo - yo\/2d \ -Y^' ^ ~ ^° ~ yoV2d 
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Since 

{r - V2d){r + V2d) = -s"^ and {xq - yoV2d){xo + yoV2d) = 2zl 

with (r, s) = 1 and (xq, yo) = 1 respectively, one has 

ordp{r — \/2d) = ordp{xQ — yoV2d) = mod 2 

for p 7^ f and p < oo^;. Since Xq — yoV^d > over p G oo^;, one obtains that 

r - V2d, xo - yoV2d 
P 

for all p 7^ i;. One concludes that 

X2 + 1/2 V2rf, 3:0 - yoV2d 

V 

□ 

With a similar argument as in the proof of Theorem ll.5|, we can prove 
the following theorem by Lemma 12.11 and 12. 2[ 

Theorem 2.3. Suppose that Pi = 1 mod 8, 1 < z < m are distinct primes. 
Let d = P1P2 ■ ■ ■ Pm such that 2d = r"^ + with r,s = ±3 mod 8. Then 
the diophantine equation x"^ — 2dy'^ = n is solvable over Z if and only if n 
satisfies the Artin condition of H and 6, where H is the Hilhert class field 
of E and Q/E is a quadratic extension defined as above. 





3 Some applications of Theorem 12.3 



In this section we consider the solvability of the equations x'^ — 2dy'^ = — 1, ±2 
by using Theorem l2.3[ It's well-known that at most one of the three equations 



X 



-l,x' 



±2 



is solvable over Z 



p. 106-109). 
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Lemma 3.1. Suppose that Pi = ±1 mod 8, 1 < i < m are distinct primes. 
Let d = P1P2 ■ ■ -Pm- If ^2 and y2 in Q2 satisfy x\ — 2dy2 = 2, then the 
quadratic Hilbert symbol 

X2 + y2V^,Xo — yoV2d\ Jl ifd=l mod 16 

if d = 9 mod 16, 

where v is the unique prime of E above 2 and (xo,2/0)^o) is given as in ^2, 

1. e. the integers Xq, y^ and zq are relatively prime with xq > and satisfy 
Xq — 2(i?/Q = 22q. 

Proof. The equation — 2?/^ = 2d is solvable over Z. Choose one solution 
(a, h) of the equation and obviously a is even and h is odd. Let a = 2a'. 

First we assume d = 1 mod 16. We will show b = ±1 mod 8. Otherwise 
we have b = ±3 mod 8, then we deduce a'^ = {d — b'^)/2 = —5 mod 8. It 
is contrary to that a' G Z. Similarly we can prove b = ±3 mod 8 if = 9 
mod 16. Then we have 

±1 mod 8 if c? = 1 mod 16 
±3 mod 8 if d = 9 mod 16 

Let V be the unique prime of E above 2. And let ^ G E* with iV^^/QalO 

2. By Lemma [2.1^ we have 




2d)b-\xo-yoV2d 



b ,xo - yoV2d 

V 

' b,2zi 

if d = 1 mod 16 
if d = 9 mod 16 



Then we only need to show J^^^v^M^zWM j = 1. By the Hilbert reciprocity 
law, one has 



\/2d, xo — yoy/2d \ -p-r ( a — V2d, xq — yoV2d 
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Since 

{a- V2A){a + V2d) = -2^^ and {xq - yoV2d){xo + yoV2d) = 2zq 

with {a,b) = 1 and {xo,yo,Zo) = 1 respectively, one has 

ordp{a — \/2d) = ordp{xo — yoV2d) = mod 2 

for p 7^ t> and p < oo^. Since xq — yoV^d > over p G oo^;, one obtains that 

a — v^2rf, xo — t/oV^d 
P 

for all p V. One concludes that 

a - \/2d, Xq - yo\/2d \ _ ^ 

^ J " ■ 

□ 

Proposition 3.2. Let d be a positive integer and d = 9 mod 16, then x"^ — 
2dy^ = 2 is not solvable over Z. 

Proof. Let d = pl^ '''Vrn where Cj, 1 < ? < m are positive integers and 
Pi^^ ^ i ^ fTi are district primes. If there is some pi satisfying pi = ±3 
mod 8, the equation — 2dy'^ = 2 is not solvable over Z since (^f:^ = 
Therefore we can assume pi = ±1 mod 8 for all i. 

First we suppose d is square-free. By Lemma [3. H one has 

, fr-iTJ/ \n (x2 + y2V2d,xo-yoV2d 

p<oo \ 

for any YlpKoci^P^Vp) ^ np<oo X(2)(^p), since 9 = E{\Jxo- yoV2d) is un- 
ramifed over E everywhere except v. Then — 2dy'^ = 2 is not solvable over 
Z by Theorem 12.31 

For general d = pl^ ■ ■ -p^ with pi = ±1 mod 8 and Cj > 1 for all i, we 
can write d = d' ■ m? with d' is square-free and m = ±1 mod 8. Then we 
can see d' = d = 9 mod 16. Assume x"^ — dy"^ = 2 is solvable over Z. Then 

— d'y^ = 2 is solvable over Z, which is contrary to the above arguments. 
Therefore we have that — dy"^ = 2 is not solvable over Z. □ 
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Remark. Ifd is a prime andd = 9 mod 16 , the unsolvability ofx'^—2dy'^ = 
2 was proved by Pall (see [TT] ). 

Lemma 3.3. Suppose that p^ = 1 mod 8, 1 < i < m are distinct primes. 
Let d = P1P2 ■ ■ -Pm- If ^2 (if^d y2 in Q2 satisfy x\ — 2(ii/| = —2, then the 
quadratic Hilbert symbol 

X2 + y2V2d, xo - yoV2d\ f2 

d, 4 

where v is the unique prime of E above 2 and (xo,yo) is given as in ^2. 

Proof. Since d = pi - ■ ■ Pm and Pi = 1 mod 8, 1 < i < m, we have x^ + 2y'^ = 
2d is solvable over Z. Choose one solution (a, b) of the equation and let 
rj = {a — \/2d)/b. Then Ne^/q2{v) = ~2. By Lemma [2?T] we have 

X2 + y2V2d, xq - yo\^ \ _ ( r],xo- yoV2d 

V 

So we only need to show 

r],xo-yoV2d\ [2 

The Hilbert symbol 

?7, xo — 2/ov^2rf \ I a — \/2d,xo — yoV2d\ fb,2 



V 1 \ V I \ 2 

By the Hilbert reciprocity law, we have 



2d, xq — yoV2d \ ( ^ ~ V^, xq — yoV2d 



Since 



(a - V2d){a + V2d) = -2b' and (xq - yoV2d){xo + yoV2d) = 2zq 
with (a, 6) = 1 and (xq, yo? ^0) = 1 respectively, one has 

ordp{a — \f2d) = or (ip(xo — yoV2d) = mod 2 
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for p 7^ t> and p < oo^;. Since Xq — yoV^d > over p e oo^;, one obtains that 

a — \/2d, Xq — yoV^d 



for all p 7^ f . So 

r],xo-yoV2d\ fb,2 



V I \ 2 

Since + 26^ = 2d, we have 

'd^ 



and 

'2d 



1 for any odd prime l\a 



— j = 1 for any odd prime l\b. 
Therefore 

p\d ^-^^ p\d ^ ^ ^ ^ odd l\a ^ ^ 

since d= \ mod 8. And 



^ ^ ^ l\h ^ p\d ^ ^ 

b\ T-r fb/a 



p\d p\d 



Since + 26^ = 2(i, we have (a/b)^ = —2 mod p for any p\d. Hence 

'a/b\ (-2" 



V J \ V 



for any 'p\d. 

Since n = 1 mod 8, then ( — ) = ( - ) . So we have 

^ ' VP/4 VP/4 

?7,xo - yov^ \ _ /^2^ _ jj- /6/a\ _ j-j- /^2^ (2 



2 ) V P / \V J A \d 

^ p\d ^ ^ ^ p\d 4 \ 



□ 
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Proposition 3.4. Suppose that pi = 1 mod 8, 1 < ? < m are distinct 
primes. Let d = piP2 ■ ■ ■ Pm- Then 

(1) If there exist two integers r,s = ±3 mod 8 such that 2d = r"^ + s"^, 
then the equation — 2dy'^ = —1 is not solvable over Z. 

(2) If the equation — 2dy^ = —2 is solvable over 7L, then = 1. 



'4 

Proof. Denote X(„) to be the affine scheme defined by — 2dy'^ = n. Let 
E = Q{\/2d) and let v be the unique prime of E above 2. Let 9 and (xq, yo) 
be given as in §2. Then Q/E is unramified over all primes except v. 

(1) By Lemma E^l one has (^Leo^M^^ = -1 for any ^ G with 
Ne^/q2{0 — This implies that 

, rTT^ \n [ X2 + y2V2d,Xo - yoV2d\ 
'ipe/E{fE[[[{xp,yp)]) = I I = -1 

p<oo \ / 

for any Ylp<^^{xp, yp) G np<oo ^(-i){^p)- Then x'^~2dy'^ = -1 is not solvable 
over Z by Theorem 11.51 

(2) With similar argument as above, the result follows from Lemma [3.31 

□ 

If p ^ 1 mod 8, the solvability of the three equations 

- 2py^ = -1, x^ - 2py^ = ±2 

is well-known (see [1] or [15]). If p = 1 mod 8, the solvability problem is 
more complicated. 

Corollary 3.5. Let p be an odd prime. 

(1) Let p = 9 mod 16. // = —1, then — 2py'^ = —1 is solvable 

over Z. // ^1 j = 1, then — 2py^ = —2 is solvable over Z. 

(2) Let p = 1 mod 16. // = —1, then — 2py^ = 2 is solvable over 



Z. 

Proof. Since p is an odd prime, one and only one of the three equations 

x2 - 2py'^ = -1, - 2py^ = ±2 
is solvable over Z ([1], pp 225). 
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(1) Since p = 9 mod 16, one has the equation — 2py'^ = 2 is not 
solvable over Z by Proposition 13.21 

If = —1, then — 2py'^ = —2 is not solvable over Z by proposition 
I3.4[ Therefore — 2py^ = — 1 is solvable. 

Suppose = 1. Let v be the unique place of E. Let .^i,.^2 G E* with 
^s„/(Q2('Ci) = —2 and Ne^/q2{^2) = 2. By Lemma |3TT] and [3 ^ we have 



^i,Xo-yoV2d\ f2\ _ ^ ( ^2,xq - yoV2d _ ^ 



P 



4 



By Lemma [2.11 we have 



for any ^ G with Ne,/q,{0 = -1, since iVij^/Q^l^/^) = -1- With the 
similar arguments as in the proof of Proposition 13. 4[ one has x^ — 2py'^ = —1 
is not solvable over Z. Therefore x^ — 2py'^ = —2 is solvable over Z. 

(2) Suppose p = 1 mod 16. Since = —1, one has that x^ — 2py'^ = 
—2 is not solvable over Z by proposition 13.41 Let v be the unique place of E. 
Let ^1,6 e E: with A^i5„/Q2(ei) = -2 and iV^./Q^l^) = 2. By Lemma O 
and 13.31 we have 

^i,xo-yoV2d\ f2\ ( ^2, xq - yo\/2d 

1 and 



^' I VP/ 4 

By Lemma [2.11 we have 

C,xo-yov^\ ( ^i/^2,xo- yoV2d 



-1)-1 



for any C, ^ E* with A''£;^/(Q2(^) = —1. Therefore x^ — 2py'^ = — 1 is not 
solvable over Z. Then x^ — 2py'^ = 2 is solvable over Z. □ 

Remark. The corollary recovers Theorem 3 and 4 in [11] . 
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